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The evolution of a walker in standard ”Discrete-time Quantum Walk (DTQW)” is determined by
coin and shift unitary operators. The conditional shift operator shifts the position of the walker to
right or left by unit step size while the direction of motion is specified by the coin operator. This
scenario can be generalized by choosing the step size randomly at each step in some specific interval.
For example, the value of the roll of a dice can be used to specify the step size after throwing the
coin. Let us call such a quantum walk ”Discrete-time Random Step QuantumWalk (DTRSQW)”. A
completely random probability distribution is obtained whenever the walker follows the DTRSQW.
We have also analyzed two more types of quantum walks, the ”Discrete-time Un-biased Quantum
Walk (DTUBQW)” and the ”Discrete-time Biased Quantum Walk (DTBQW)”. In the first type,
the step size is kept different than unit size but the same for left and right shifts, whereas in the
second type left and right shifts can also be different. The probability distribution in DTUBQW is
found to follow a certain rule. The standard deviation (σ) of DTRSQW is higher than DTQW and
hence DTRSQW spreads faster. The σ of DTUBQW shows sawtooth behavior with faster spread
than DTQW for some specific values of rotation angles and steps.
I. INTRODUCTION
Walks are a rudimentary procedure that is composed
of a series of steps that shift the walker position. If the
steps are randomly taken the final position of the walker
is randomized and such a walk is called a random walk.
They can be studied in terms of classical mechanics be-
cause they follow the Liouville equation. To model, a
physical system one can use random walks as a funda-
mental mathematical tool. For example, they can be
used to solve genetic draft in population genetics, the
Brownian motion of molecules [1] and to find out the so-
lution of Laplace equation [2]. Random walks have also
proved to be quite useful in computational sciences e.g.
to calculate probabilistic turning machines [3]. But there
are also some walks in nature, which are not according
to the definition of classical mechanics, e.g. the propa-
gation of a single excitation in a crystal, during photo-
synthesis the effective energy transport in plants or the
transport of quantum information on quantum networks.
To model, such phenomena walks are to be extended to
the quantum domain known as quantum walks. In fact,
most quantum processes can be viewed as generalized
quantum walks. Since their introduction, quantum walks
have gained considerable attention due to their ability to
model physical systems of diverse nature. Several aspects
of quantum walks are discovered and the straightforward
construction of quantum walks makes them suitable tools
for simulating other quantum systems [4, 5].
Like classical walks, quantum walks are also be-
ing researched on a large scale. However, most com-
monly studied types are ”Continuous-time Quantum
Walk (CTQW)” and ”Discrete-time Quantum Walk
(DTQW)”. The CTQW was introduced in 1998 by Farhi
and Gutmann. In such a walk one can directly deter-
mine the speed in the position space [6–8]. While the
DTQW was introduced by Watrous in 2001 [9–11] its
specific form controlled by Hadamard coin introduced by
Ambainis et al [12]. got more attention due to its sim-
plicity.
The results of a quantum walk with continuous-time
and with discrete-time are often comparable, but the coin
of freedom has shown that the discrete time-variant in a
given context is stronger than others. The quantum walk
with discrete-time is also a structure that is very similar
to its classical counterpart. A coin flip is replaced by a
quantum coin operation that determines the superposi-
tion of the direction in which the particle moves simul-
taneously. The quantum extraction activity followed by
the unitary shift operation is repeated without using in-
termediate measurements to implement a large number
of steps.
DTQWs have vast applications, e.g. in advance tech-
nology, they are used to develop fast algorithms [13, 15–
20] for quantum computation tasks. DTQWs are also
used for the simulation of the topological phenomenon
in condensed matter systems [21–24]. By these applica-
tions researchers are motivated to study the behavior of
quantum walks [25–31]. In the conditional DTQW step
size is usually taken as a unit and fixed for each time the
coin is tossed. Quantum walks with step size different
than unit size are considered before. In [32] the stability
of recurrence of quantum walk on a line is tested against
bias. While the quantum walks with sequential aperiodic
jumps are recently analyzed [33].
Here, we generalize this walk in three ways. In the first
case, we introduce another degree of freedom by allowing
the step size to be different than unit size and randomly
chosen after each throw of the coin. We found that this
procedure completely randomizes the DTQW. We call
this type of walk as ”Discrete-time Random Step Quan-
tum Walk (DTRSQW)” as shown in Fig. 1 (a). The
standard deviation σ for this walk goes higher than stan-
dard DTQW. This feature can help in designing better
algorithms and simulations as compared to DTQW. The
second generalization is about choosing fixed step sizes
2which are unbiased shifts i.e. step size remains the same
at each step. This quantum walk is named as ”Discrete-
time Un-biased Quantum Walk (DTUBQW)” as shown
in Fig. 1 (b). For this type of walk probability dis-
tribution follow a certain rule i.e. the positions of the
peaks can be determined with the help of a formula. The
σ shows a sawtooth behavior and goes higher than the
DTQW for higher angles and small step size. In the
third situation, the biased step is used for the different
outcomes of the coin. We call this walk as ”Discrete-time
Biased Quantum Walk (DTBQW)” as shown in Fig. 1
(c). The standard deviation σ gets larger values for Left
Step Size (LSS) larger than Right Step Size (RSS).
Randomness in the quantum phenomenon is an impor-
tant concept that finds many applications in fundamental
quantum mechanics and quantum technology [34]. The
DTRSQW can be useful in stimulating a variety of phys-
ical phenomena that are quantum and random simulta-
neously. The most important is the quantum Brownian
motion. It will be interesting to apply DTRSQW to the
quantum Brownian motion. Besides, such walks can also
be realized in other systems for example in explaining
the energy transfer in photosynthesis where excitation in
the photosynthetic unit energy is supposed to be doing
a random walk [35, 36]. On the other hand, it can open
a new dimension in designing quantum algorithms espe-
cially search algorithms that are based on the DTRSQW.
This article is organized in the following way. In Sec-
tion II, we introduce the DTRSQW in detail and the
corresponding probability distribution. In Section III,
the second variant of a quantum walk DTUBQW with
an unbiased fixed step is discussed. The third type of
walk, DTBQW with unequal step size for different out-
comes of the coin is introduced in Section IV. In Section
V, the standard deviation of all three walks is discussed.
In section VI, we give conclusions of this work.
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Figure 1: Schematic diagrams of walker that moves to either left or right depending upon the outcome of a coin (a) DTRQW:
the step size is randomly chosen at each step. (b) DTRSQW: equal step size that can be different than unit step size. (c)
DTRSQW: step size can be different for left and right movement.
II. DISCRETE-TIME RANDOM QUANTUM
WALK (DTRSQW)
In a DTQW, the application of two unitary operators
a “coin operator” and a “conditional shift operator” de-
termines the evolution of a walker. A coin operator acts
on the internal state of a walker, generally known as spin-
up and spin-down states for a walker with two internal
degrees of freedom. The shift operator is conditional and
acts on the external degree of freedom and moves the
walker either to the left or right depending on its inter-
nal state. Here, we introduce the interval for selecting
the size of the step which randomizes the quantum walk.
For a single-qubit walker, the coin (Hilbert) space, Hc,
is spanned by |0〉 , |1〉. The position (Hilbert) space, Hp,
is spanned by |x〉 : xǫ Z. Thus the Hilbert space of the
system is the tensor product of Hilbert spaces of the com-
ponents, i.e. Hp ⊗ Hc. The walker’s internal degrees of
freedom play an important role to have many features of
DTQWs.
In DTRSQW we keep the coin operator of standard
DTQW given in the following;
Cˆ =(cos θ |0〉C 〈0|+ sin θ |0〉C 〈1|
+sin θ |1〉C 〈0| − cos θ |1〉C 〈1|C), (1)
here θ is the rotation angle. The conditional shift oper-
ator however defined as follows
Sˆ = |0〉C 〈0| ⊗
∑
x
|x− j〉P 〈x|
+ |1〉C 〈1| ⊗
∑
x
|x+ j〉P 〈x| , (2)
This shift operator has an integer ”j” that is randomly
chosen from interval [1, n] at each step where n is an in-
teger. The walk operator, Uˆ = SˆCˆ, acts on the initial
state (φint) of the walker. The walk operator acts repeat-
edly to the initial states for many steps and leads to the
evolution of the walk, i.e.
3|φ〉int1 = |0〉C ⊗ |0〉P (3)
|φ〉int2 = |1〉C ⊗ |0〉P (4)
here φT is the final state after T steps of the walk.
The states φint1(φint2) describes a particle prepared in
spin-up (spin-down) internal state which is spatially lo-
calized around the origin of the 1D lattice.
The stepwise evolution of the initial state φint1 of the
walker can be mathematically written as
|0〉C ⊗ |0〉P
1st
=⇒ cos θ |0〉C ⊗ |−x[1,n]P 〉
+ sin θ |1〉C ⊗ |x[1,n]P 〉
2nd
==⇒ cos2 θ |0〉C ⊗ |−x[1,2n]P 〉
+ sin2 θ |0〉C ⊗ |−x[1,2n]P 〉
+ cos θ sin θ |1〉C ⊗ |x[1,2n]P 〉
− cos θ sin θ |1〉C ⊗ |x[1,2n]P 〉
Tth
==⇒ cosT θ |0〉C ⊗ |x[1,−Tn]P 〉+ ......., (5)
For a standard DTQW, the shift operator moves the
walker either to the left or right depending on the out-
comes of the coin. The random number, however, can
be chosen from a specific interval. In DTRQW the shift
operator moves the walker randomly of the step size cho-
sen form a specific interval. In Fig. 2 we have shown
the probability distribution for angle θ = π/4, in the top
panel of Fig. 2
(
a, b, c
)
the step size is chosen randomly
from interval [1, 3] and walker is shifted accordingly. At
the next position, the size of the next step is again cho-
sen randomly from the interval the same interval. In the
middle panel of Fig. 2
(
d, e, f
)
step size is randomly se-
lected from the interval [1, 6] and similarly in the bottom
panel of Fig. 2
(
g, h, i
)
the interval selected is [1, 10].
We have shown three runs for each interval to illustrate
that in each run the probability distribution changes ran-
domly and the quantum walk is completely randomized
independent of the interval chosen.
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Figure 2: Probability distributions of the DTRSQW after T = 100 for rotation angle (θ = pi/4). The top panel
(
Figs.(a, b,
c)
)
shows the probability distributions for Run (1). The middle panel
(
Figs. (d, e, f)
)
shows the probability distributions
for Run (2). The bottom panel
(
Figs. (g, h, i)
)
shows the probability distributions for Run (3).
III. DISCRETE-TIME UN-BIASED QUANTUM
WALK (DTUBQW)
In this section, we generalize the quantum walk by
selecting the size of the step not to be the unit size.
Sˆ = |0〉C 〈0| ⊗
∑
x
|x− k〉P 〈x|
+ |1〉C 〈1| ⊗
∑
x
|x+ l〉P 〈x| , (6)
where the parameters k and l are integers. k determines
the size of the step to the right and l to the left. The
walk operator, Uˆ = SˆCˆ, acts on the initial state (φint) of
the walker and leads to the final state of the walk. For
DTUBQW k = l and the different step sizes produce dif-
ferent probability distributions. The stepwise evolution
of the initial state φint of the walker can be mathemati-
cally written as,
|0〉C ⊗ |0〉P
1st
=⇒ cos θ |0〉C ⊗ |−kP 〉
+ sin θ |1〉C ⊗ |lP 〉
2nd
==⇒ cos2 θ |0〉C ⊗ |−2kP 〉
+ sin2 θ |0〉C ⊗ |l − kP 〉
+ cos θ sin θ |1〉C ⊗ |l − kP 〉
− sin θ cos θ |1〉C ⊗ |2lP 〉
Tth
==⇒ cosT θ |0〉C ⊗ |[−kT ]P 〉
+ . . .+ cosT−1 θ sin θ |1〉C ⊗ |[lT ]P 〉 (7)
It is observed that position of a peak depends upon the
step size given by the following relation;
Position of the Peak =2×Number of the Peak
× Step Size (8)
In Fig. 3 we have shown the probability distribution
for DTUBQW for different rotation angles i.e. θ = π/,
5θ = π/4 and θ = π/3. The probability depends upon the
rotation angle as well as on step size. For instance, for
angle (θ = π/4) there are more higher peaks as compared
to (θ = π/6) and (θ = π/3).
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Figure 3: Probability distributions of the DTUBQW after T = 100. In the top panel
(
Figs. (a, b, c)
)
probability distributions
are for step size 3 and rotation angle (θ = pi/6). In the middle panel
(
Figs.(d, e, f)
)
probability distributions are for step
size 6 and rotation angle (θ = pi/4). In the bottom panel
(
Figs. (g, h, i)
)
probability distributions are for step size 10 and
rotation angle (θ = pi/3).
IV. DISCRETE-TIME BIASED QUANTUM
WALK (DTBQW)
In this section, we analyze the biased quantum walk
by selecting the un-equal step size to right and left. Fig.
4 depicts the probability distribution of a DTBQW for
different rotation angles i.e. (θ = π/6), (θ = π/4)
and(θ = π/3). Comparing Fig. 4 and Fig. 5 it is clear
that the probability distribution is asymmetric when we
exchange left and right step sizes. The probability de-
pends upon the angle, size of the step as well on the
difference between the Left Step Size (LSS) and Right
Step Size (RSS).
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Figure 4: Probability distribution of the DTBQW after T = 100. The Left Step Size (LSS) is larger than Right Step Size
(RSS). In the top panel
(
Figs. (a, b, c)
)
probability distributions are for rotation angle (θ = pi/6). In the middle panel(
Figs.(d, e, f)
)
probability distributions are for rotation angle (θ = pi/4). In the bottom panel
(
Figs. (g, h, i)
)
probability
distributions for rotation angle (θ = pi/3).
In the DTBQW, probability distributions obtained are
quite versatile and one can generate desired probability
by selecting the LSS and RSS to one’s choice. Such a
large number of probabilities available can help to simu-
late diverse quantum phenomenon.
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Figure 5: Probability distribution of the DTBQW after T = 100. The Left Step Size (LSS) is smaller than Right Step Size
(RSS). In the top panel
(
Figs. (a, b, c)
)
probability distributions are for rotation angle (θ = pi/6). In the middle panel(
Figs.(d, e, f)
)
probability distributions are for rotation angle (θ = pi/4). In the bottom panel
(
Figs. (g, f, i)
)
probability
distributions are for rotation angle (θ = pi/3).
V. STANDARD DEVIATION
We calculated the standard deviation (σ) for all three
types of walks. It is observed that generally, they all
spread faster than standard DTQW. In Fig. 6 (a) it can
be seen that the standard deviation of DTRSQW goes
higher than DTQW especially in the case of run-III where
the spread is quite fast after 22 steps. It is possible that
in some runs spread is even faster. However, in Fig. 6 (b)
and (c) the standard deviation becomes relatively slow.
It indicates that for large intervals spreads become slow
and can be always smaller than DTQW in some runs.
In Fig. 6 (d), (e), and (f) standard deviations of
DTUBQW are shown for rotation angles θ = π/6, θ =
π/4, and θ = π/3, respectively. The deviation behavior
resembles sawtooth with tooth size getting bigger with
rotation angle and step size. For smaller angle and small
step size, σ jumps higher than σ of DTQW, the number
of jumps as well as σ increases with increasing angle.
In Fig. 6 (g), (h), and (i) σ for DTBQW are plotted for
Left Step Size (LSS) that is larger than Right Step Size
(RSS). As the step size becomes larger the σ decreases
however, it increases with the larger angles. In Fig. 6 (j),
(k), and (l) the σ for DTBQW for LSS smaller than RSS
are plotted. The σ in both cases is not the same and it
appears that for larger LSS σ is higher.
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Figure 6: Standard deviation (σ) for T = 30 steps, dashed (black) line shows the σ of standard DTQW with unit step size
shift. In sub-figures (a), (b) and (c) dotted-dashed (blue) line represents run-I, dotted (red) line represents run-II, and solid
(magenta) line represents run-III of DTRSQW. While in sub-figures (d), (e) and (f) dotted-dashed (blue) line represents
step size 3, dotted (red) line represents the step size 6, and solid (magenta) line represents step size 10 of DTUBQW. In
sub-figures (g), (h) and (i) dotted-dashed (blue) line represents LSS = 3 and RSS = 1, dotted (red) line represents LSS =
6 and RSS = 1, and solid (magenta) line represents LSS = 10 and RSS = 5 of DTBQW. While in sub-figures (j), (k) and
(l) dotted-dashed (blue) line represents LSS = 1 and RSS = 3, dotted (red) line represents LSS = 1 and RSS = 6, and solid
(magenta) line represents LSS = 5 and RSS = 10 of DTBQW.
VI. CONCLUSION
Three different types of quantum walks are introduced
in this work. The first walk is called DTRSQW, it in-
troduces randomness in quantum walks. The step size is
randomly chosen after each step from a specific interval
that makes the probability distribution completely ran-
dom. Its standard deviation is higher than the standard
DTQW and hence it spreads faster than DTQW. This
property makes DTRSQW useful for designing new quan-
9tum algorithms and simulating random quantum physi-
cal phenomenon. The second walk is called DTUBQW,
it gives well-behaved probability distribution. The study
was conducted for many angles and step sizes that show
that the probability depends upon the angle and step
size. The relation between step size and position of peaks
has been found to obey the formula. The number of
peaks in probability distribution also depends on the ro-
tation angle, we get less number of peaks as the angles
go higher. The standard deviation shows the sawtooth
behavior that makes this walk another candidate for in-
venting new quantum algorithms. The third type of walk
is called DTBQW, it has different step sizes for the left
and right shifts. It gives different probability distribu-
tions for the exchange of step sizes from left to right. The
standard deviation is higher when Left Step Size (LSS)
is larger than the Right Step Size (RSS). All these walks
can be used to simulate different physical phenomena and
design new quantum algorithms.
This study of a one-dimensional quantum walks can
be generalized to quantum walks with entangled coins
and for higher dimensions with single and multi-particles.
It can also be generalized to more than two entangled
qubits. It will be interesting to use different coins for
these walks. We will leave these matters for future work.
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